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Mendelson [l] gave an example of a rest point in the plane which is 
globally attracting. Bhatia [2] introduced the notion of a weak attractor and 
has pointed out many examples of weak attractors which are not attractors. 
In particular, he has pointed out an example due to Digel (page 154 in [7]) 
in which a rest point in the plane is globally weakly attracting. 
Our main result (Theorem 4.1 below) is that in an n-dimensional euclidean 
space En, the only compact minimal sets which can be global weak attractors 
are rest points. This obviously implies that any compact minimal globally 
asymptotically stable set in En is a rest point. Another noteworthy result is 
that every positively invariant compact set MC En, which is homeomorphic 
to a closed ball, contains a rest point (Theorem 4.4 below). 
In [3] it is shown that in a locally compact complete metric space (also in 
particular in En) a compact minimal set belongs to one of the following four 
categories, viz., (i) a rest point, (ii) orbit of a periodic motion, (iii) closure 
of the orbit of an almost periodic motion, and (iv) closure of the orbit of a 
recurrent motion. See in [3] Theorem 7.06, 7.07 on pages 375-377, which 
are due to Birkhoff, and Theorem 8.06 and its corollary 8.08 on pages 
387-388, which are due to Bochner. As a noteworthy corollary of our result 
we point out that the orbit of a periodic motion, or the closure of the orbit 
of an almost periodic or a recurrent motion cannot be globally weakly 
attracting and in particular cannot be globally asymptotically stable. 
Our proofs are based on three results: 
(a) If M is a compact weak attractor, then its prolongation D+(M) is the 
smallest asymptotically stable set with the same region of attraction as M 
(this result is a generalization of Theorem 1 in [4] and is given as Theorem 2 
in [2]); (b) a compact positively invariant set M is asymptotically stable if 
1 This will acknowledge the partial support of the authors by the National Science 
Foundation under grant No. GP-4057. 
544 
GLOBAL WEAK ATTRACTORS 545 
and only if it is uniformly attracting (Theorem 3.7 below); (c) the Brouwer 
Fixed-Point Theorem (p. 137 in [5]). 
1. NOTATIONS 
X: locally compact metric space with metric d. 
R: set of real numbers. 
R-k set of nonnegative real numbers. 
R-: set of nonpositive real numbers. 
En: n-dimensional real euclidean space. 
II II: norm in En. 
2x: the class of all subsets of X. 
Foranyf:X-+2r,andACX,welet 
f(A) = u{f(x) : x E A}. 
IfMCX,xEX,andor>O,thenwelet 
and 
d(x, M) = inf{d(x, y) : y 6 M}, 
S(M, a) = {x E x : d(x, M) < a}, 
B(M, a) = {cc E x : d(x, M) < a}, 
H(M, a) = {x E x : d(x, M) = a}. 
For any set A, VI(A) stands for the closure of A. The sets S(M, OL), B(M, a), 
and H(M, 01) are sometimes referred to as the sphere, the ball, the hypersphere 
of radius 01 (around M), respectively. 
2. BASIC DEFINITIONS 
A dynamical system or continuous flow F on X is the triple (X, R, n), 
where rr : X x R -+ X is a map satisfying 
n is continuous, (Continuity Axiom); 
?T(x, 0) = x for all x E: X, (Identity Axiom); 
++, h), t2) = +, t, + tz) for all x E X 
and t, , t, E R, (Homomorphism Axiom). 
(2.1) 
(2.2) 
(2.3) 
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With a given continuous flow F are associated the maps y : X 3 2X, 
yf :x-+2x, and y- : Xj 2x, defined respectively by 
y(x) = {T(X, t) : t E R}, 
y+(x) = {n(x, t) : t E Rf}, 
and 
y-(x) = {?r(x, t) : t E R-}, where x EX. 
For any x E X the sets y(x), y+(x), y-(x) are respectively called the 
trajectory, the positive semi-trajectory, and the negative semi-trajectory 
(through x). 
A set A C X is called invariant, positively invariant, or negatively invariant 
provided that r(A) = A, y+(A) = A, or y-(A) = A holds, respectively. 
A C X is called minimal if A is nonempty, closed, and invariant, and no 
proper subset of A has these properties. 
Some important maps which play a central role in the theory of continuous 
flows are /1+ : X--t 2x, and k : X +2x, defined respectively by 
A+(x) = n($qy+(7r(x, t))) : t E R}, 
and 
A-(x) = n{%?lo+(x, t))) : t E R}, 
where x E X. For any x E X the sets /l+(x), and k(x) are respectively called 
the positive (or omega), and the negative (or alpha) limit set (of the trajectory 
through x). 
Note that y ~fl+(x)(y E k(x)) if and only if there exists a sequence 
{tJ, t, E R, t, j +co (t, b -co) such that T(X, t,) --my. 
Other important maps for the present study are the maps Df : X -+ 2x, 
and D- : X---f 2x, defined respectively by 
D+(X) = n{W(y+(S(x, a))) : 01 > 0}, 
and 
D-(X) = n(W(y(S(x, a))) : OL > 0}, 
where x E X. For any x E X, the sets D+(x), and D-(x) are respectively 
called the (first) positive prolongation, and the (first) negative prolongation 
(of the trajectory through x), 
Note also that y E D+(x) (y E D-(x)) if and only if there exist sequences 
{x,}, {tn}, x, E X, t, E R+ (tn E R-), such that x, ---, x and V(X, , tn) 3 y. 
We summarize below the properties of the sets introduced above that we 
need in the sequel. 
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LEMMA 2.1. For any x E X 
(i) n+(x) is closed and invariant, 
(ii) W(y+(x)) = y+(x) U fl+(x), 
(iii) D+(x) is cZosed and positively invariant, and D+(x) r) %Z(y(x)). 
(iv) If M is compact, then D+(M) is closed and positively invariant. 
(v) If M is compact, then it is stubZe ifund only if D+(M) = M. 
For the proofs we refer to [24, 61. 
3. ATTRACTION AND STABILITY 
In what follows, the letter M will be reserved for a nonempty compact 
subset of X. 
DEFINITION 3.1. M is called a weak attractor if there is an OL > 0 such 
that cl+(x) n M # 4, for all x E S(M, a). 
DEFINITION 3.2. M is called an attractor if there is an OL > 0 such that 
for all x E S(M, 01), /I+(x) # 4 and n+(x) C M. 
DEFINITION 3.3. M is called a uniform attractor if there is a neighborhood 
U of M such that for each compact set KC U and OL > 0 there exists a 
T E Rf, T = T(K, or), such that y+(rr(x, T)) C S(M, a) for each x G K. 
DEFINITION 3.4. M is called stable if given any (Y > 0 there exists a 
6 > 0 such that r+(S(M, 6)) C S(M, a). 
DEFINITION 3.5. M is called asymptotically stable if it is an attractor and 
is stable. 
Corresponding to any M we introduce the sets 
A,(M) = {X E X: A+(X) n M # +}, 
and 
A(M) = {x E X : A+(x) # 4, A+(x) C M}. 
The set A,(M), and A(M) are respectively called the region of weak attraction, 
and the region of attraction for the set M. Note that in general A(M) C A,(M). 
However, if M is an attractor, then A(M) = A,(M). Again each of the sets 
A(M) and A,(M) is invariant. Further, if M is a weak attractor, then A,,,(M) 
is an open invariant neighborhood of M (see Lemma 2 in [2] where A,(M) 
is denoted by A(M)). 
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It is easily seen that a uniform attractor is an attractor, and that in the 
Definition 3.3 of a uniform attractor one might set U z A(M). 
DEFINITION 3.6. If M is a weak attractor, attractor, uniform attractor, 
or an asymptotically stable set such that A,(M) = X, then M will be called 
a global weak attractor, global attractor, etc., respectively. 
The following scheme represents the basic dependence of concepts 
introduced: 
Asymptotic stable 
I _~. 
1 1 
uniform attractor stable 
1 
attractor F weak attractor 
Notice that the concept of stability is independent of the concepts of 
attraction. Under appropriate conditions, however, additional relations can 
be proved. We shall need the following very important relation. 
THECREM 3.7. A positively invariant compact set M is asymptotically stable 
if and only ;f it is un+rmly attracting. 
Proof. Let M be asymptotically stable. Let KC A(M) be compact and 
let E > 0. Since M is stable, there exists a 8 > 0 such that x E S(M, 6) 
implies y+(x) C S(M, 6). For any x E K define 
7z = inf{t > 0 : x(x, t) E S(M, S)>. 
Then rz is defined as M is an attractor. Set T = sup{~, : x G K}. We claim 
that T is finite. For otherwise there will be a sequence {x,}, X, E K, such that 
~~,-f +a~. We may assume that x, -+xEK. NowthereisaT>Osuch 
that y = rr(x, 7) E S(M, 6). Since S(M, 6) is open, we can find an open 
neighborhood N of y such that NC S(M, 6). Then ?r(iV, -7) = N* is an 
open neighborhood of x, and for each x E N* we have +r(z, T) E S(M, 6) and 
consequently +z, t) E S(M, c) for t > 7. This shows that T+~ < T for all 
sufficiently large n which contradicts rr + +co. Hence T < +a~ Notice 
now that x E K implies “(x, T) E S(A!?, 6) and so y+(rr(x, T)) C S(M, l ). 
Thus M is uniformly attracting. Now assume that M is uniformly attracting. 
Let, if possible, M be not stable. Then there is an E > 0 and a sequence 
(x,), x, + x E M, and a sequence {tJ, t, > 0, such that r((xsL , t,) E H(M, e). 
Without loss of generality we can assume that B(M, e) is compact. Thus by 
the property of uniform attraction, there is a T > 0 such that x E B(M, l ) 
implies ~(x, t) E S(M, c) for t > T. Thus, since we may assume that 
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x, E B(M, l ) for all n, we notice that tn < T for all n. There is then a 
subsequence {x,,}, such that the corresponding subsequences {tn$ and 
{n(~,,~ , t,J} are convergent. Let tnk -+ t, and r(~~, , tnk) -+y. Then since 
x,,~ -+ x, and t,k -+ t, we have by continuity of n, y = rr(x, t), where t 3 0. 
Thus on the one hand y E H(M, 6) as y is the limit point of a sequence in 
H(M, c) and on the other hand y = ~(x, t) E M as M is positively invariant. 
Since M n H(M, e) = $, this is impossible. Thus M must be stable. Since 
M is an attractor, it is asymptotically stable. This completes the proof of 
the theorem. 
We quote from [2] the following theorem which we need in the next 
section. 
THEOREM 3.8. Let M be a compact weak attractor. Then D+(M) is a 
compact asymptotically stable set. The region of attraction A(D+(M)) of D+(M) 
coincides with the region of weak attraction A,(M) of M. Moreover, D+(M) is 
the smallest asymptotically stable set containing M. 
4. GLOBAL WEAK ATTRACTORS IN En 
Our main result is 
THEOREM 4.1. Let X = En. Let M be a compact minimal set, and let M 
be a global weak attractor. Then M is a rest point. 
Before giving the proof of this theorem, we recall that a point x E X is 
called a rest point if y(x) = {x}. Further, a trajectory y(x) is said to be 
periodic if there is T > 0 such that rr(x, t + T) E ‘r(x, t) for all t E R. 
Also if y(x) is a periodic trajectory which is not a rest point, then there is a 
least positive number T > 0 such that ~(x, t + T) = X(X, t), and any 
T E R with the property that ‘rr(x, t + T) = ~(x, t) is of the form T = mT, 
where m is an integer. (See, e.g., [3] page 329.) 
PROOF OF THEOREM 4.1. By Theorem 3.8, D+(M) is globally asymp- 
totically stable. Let x0 E En be arbitrary but fixed. Choose (Y > 0 sufficiently 
large so that D+(M) C S(x, , a). Choose further E > 0 sufficiently small 
such that S(D+(M), 6) C B(x,, CK). By Theorem 3.7, D+(M) is uniformly 
attracting, and hence there is T > 0 such that 
4x, t) E S@+(M), 4 C B(x, , ~4, 
whenever x E B(x, , a) and t > T. For each T > T define the map rrI : X -+ X 
by n,(x) = n(x, 7). Then m, is continuous and v,(B(x,, , a)) C B(x, , a). Thus 
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by the Brouwer fixed-point theorem B(x, , CX) contains a fixed point of the 
map r7 , i.e., there is an x E 23(x,, m) such that Z-~(X) = x = rr(zc, T). Hence 
77(X, t) = +r(x, T), t) = ?T(x, t + T) for all t E R, 
and so y(x) is a periodic trajectory. Notice that x EM, for otherwise if 
x $ M, then y(x) n M = 4, for M is invariant. On the other hand, since 
y(x) is a periodic trajectory, we have y(x) = cl+(x), and as x E A,(M), we 
must have cl+(x) n M f 4, i.e., y(x) n M # 4. This contradiction proves 
that y(x) C M. Since y(x) = y( x ), we must have y(x) = M, as M is minimal. 
Thus M is a periodic trajectory with period 7. If now M is not a rest point, 
then it will have a least period say 7,, , and all other periods must be the 
numbers mrO , where m is an integer. However, we have in fact shown that 
all numbers 7 3 T are periods of M. This is a contradiction and so M is a 
rest point. 
An important implication of the above theorem is the following one: 
COROLLARY 4.2. Let M be a compact minimal set, and let M be not a rest 
point. Then M cannot be globally weakly attracting or, in particular, globally 
asymptotically stable. Thus the trajectory of a periodic motion, OY the closure 
of the trajectory of an almost periodic OY recurrent motion cannot be globally 
weakly attracting. 
For our next result we need the following lemma: 
LEMMA 4.3. Let MC X be a compact positively invariant set. Let (m} be a 
sequence of periodic trajectories with periods T, , such that y% C M, and T, -+ 0. 
Then M contains a rest point. 
PROOF. Consider any sequence of points {x~}, with x, E yfi , n = 1, 2,.... 
We may assume without loss of generality that x,, -+ x E M, as M is compact. 
We will demonstrate that x is a rest point. For suppose that this is not the 
case. Then there is a 7 > 0, such that x # m(x, 7). Let d(x, rr(x, T)) = cz(>O). 
The spheres S(x, (a/4)), and S(r(x, T), (a/4)) are disjoint. Now choose 
T, 0 < T < 7, such that d(x, .rr(x, t)) < a/S for 0 < t < T. By continuity of 
r there is a S > 0 such that d(x, y) < 6 implies d(n(x, t), ?r(y, t)) < ar/8 for 
0 < t < 7. Notice in particular that if d(x, y) < 6, then 
43, n(y, t)) < 4x, ~(x, 9) + 44x, t>,4y, 1)) 
and 
d(+, 4, nr(y, 4 -==c a/4. 
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Now for sufficiently large n we have T,, < T and d(x, XJ < 6. Hence 
4x, +%I 9 t)) < or/4 for 0 < t < T,, < T. And as yn is periodic of period T,, , 
we have d(x, rr(~, , t)) < 01/4 for all t E R. This is impossible, because we 
must have 
d(x, Tr(x, , T)) >, d(x, T(X, T)) - d(+c, T), 7(x,, 7)) = a - ; = +. 
This contradiction proves that the point x E M is a rest point. 
The following theorem is a generalization of one of the principal results 
of the Poincare-Bendixon Theory of planar dynamical systems described by 
differential equations [3,7], viz., every periodic trajectory contains in its 
interior a rest point. This is clear when we notice that a periodic trajectory 
and its interior form an invariant set homeomorphic to the unit disc. 
THEOREM 4.4. Let X = En. Let M be a compact positively invariant set, 
which is homeomorphic to the unit closed ball in En. Then M contains a rest point. 
PROOF. Consider any sequence {T%}, T ,  > 0, TV-+ 0. Consider the 
sequence of maps 
{T,,}, rrn : En -+ E”, “%(d = ‘+G 7,). 
As 7 is continuous, so is each one of the maps rr, . Further, as M is positively 
invariant each w,, is a continuous map of M into itself. Thus by the Brouwer 
Fixed-Point Theorem, M contains a fixed point of each one of the maps rr,, . 
Let X, EM be a fixed point of the map rr,. Then since x, = am = m(x, , T,), 
the trajectory ~(x,J = yn is a rest point or a periodic trajectory with a period 
7, 9 and as M is positively invariant y,, C M. By the above lemma, M contains 
a rest point, and the theorem is proved. 
P P 
-- ---- ---- - - - 
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FIG. 1 
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REMARK. In the end we remark that Theorem 4.1 is not in general true 
in any compact space. Consider for example a dynamical system defined on a 
torus. There is a periodic trajectory y which is not contractible to a point, 
All other trajectories have y as their positive as well as negative limit sets 
(Fig. 1). 
Notice that in this case D+(r) = A(y) = X (the torus). The following 
theorem holds in general. 
THEOREM 4.5. Let X be compact. Let MC X be compact and globally 
weakly attracting. Then D+(M) = X. 
PROOF. Let if possible X # D+(M). Let x E X\D+(M). Now A-(x) # 4, 
as X is compact, and /l-(x) n M = 4. For if n-(x) n M # 4, then 
x E D+(M). To see this, note that if n-(x) n M # 4, then there is a sequence 
{r,}, T, -+ -03, such that rr(x, T,) +y E M. Note that x = ~(n(x, T,), -7,) 
and since -rn-+ fco, x E D+(y) C D+(M). Thus cl-(x) n M = 4. Now 
recall that cl-(x) is nonempty closed and invariant, so that for any z E A-(x), 
we have /l+(z) Ccl-(x). Hence, (l+(z) n M = 4. This contradicts the 
assumption that M is globally weakly attracting. 
COROLLARY 4.6. Let X be compact and MC X, M # X be a global weak 
attractor. Then M is not stable. 
The authors suspect that the following result holds in general: 
CONJECTURE. Let X = En. Let MC En be a compact set which is a 
global weak attractor, then M contains a rest point. 
Note added in proof: The above conjecture has been proved and its proof will 
appear in “Weak Attractors in R”” by N. P. Bhatia and G. P. Szegid to be published 
in Mathematical Systems Theory. 
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